Polyploids are organisms whose genomes consist of more than two complete sets of chromosomes ([@bib28]). They represent a significant proportion of plant species, with 30--80% of angiosperm species showing at least some polyploidy ([@bib3]) and most lineages showing evidence of paleoploidy ([@bib36]). Polyploid plants can arise spontaneously in nature by several mechanisms, including meiotic or mitotic failures, and fusion of unreduced gametes ([@bib7]).

There are two distinct mechanisms of genome duplication that result in polyploidy: allopolyploidy and autopolyploidy. Autopolyploids are thought to usually arise within a species by the doubling of structurally similar homologous genomes, whereas allopolyploids arise via interspecific hybridization and subsequent doubling of non-homologous genomes ([@bib37]). Both autopolyploids and allopolyploids can be found among both wild and domesticated plant species. Although rare, polyploidy is also found in a few species of vertebrates such as some salmonid fish ([@bib24]), the weather loach (*Misgurnus anguillicaudatus*) ([@bib53]), the common carp (*Cyprinus carpio*) ([@bib10]), and the African clawed frog (*Xenopus laevis*) ([@bib45]).

In autopolyploids, more than two homologous chromosomes can pair at meiosis, resulting in the formation of multivalents and polysomic inheritance ([@bib41]). A peculiarity of polysomic inheritance is the possibility that a gamete inherits a single gene copy twice, termed double-reduction ([@bib4]). For example, an autotetraploid individual $ABCD$ produces a gamete $AA$. In prophase I, crossovers can happen between the locus and the centromere, resulting in an exchange of chromatid fragments between pairing chromosomes. In a multivalent configuration, the separation of chromosomes can be either disjunctional or nondisjunctional ([@bib11]). For nondisjunctional separation, chromosomes that were previously paired in Prophase I segregate into a single secondary oocyte. Double-reduction occurs when fragments of sister chromatids further segregate into a single gamete.

Double-reduction arises from a combination of three major events during meiosis: crossing-over between non-sister chromatids, an appropriated pattern of disjunction, and the subsequent migration of the chromosomal segments carrying a pair of sister chromatids to the same gamete ([@bib9]; [@bib16]). Multivalent chromosome pairing during meiosis can also occur in allopolyploids, resulting in a mixed inheritance pattern across loci in the genome, termed segmental allopolyploidy ([@bib47]).

Geneticists have developed several mathematical models to simulate double-reduction. For instance, for tetrasomic inheritance, the rate of double-reduction *α* is assumed to have a minimum value of 0 under *random chromosome segregation* (RCS, [@bib32]). This increases to $1/7$ with *pure random chromatid segregation* (PRCS, [@bib16]), and to $1/6$ with *complete equational segregation* (CES, [@bib30]). A diagram of these models can be found in [Figure 1](#fig1){ref-type="fig"}.

![Diagrams of double-reduction models under tetrasomic inheritance. The leftmost column shows the primary oocytes, the middle column shows the secondary oocytes (A and C) or tetrad (B) and the rightmost column shows the gametes. The gametes with a gray background carry identical-by-double-reduction alleles. Dashed lines denote cellular fission, solid lines denote the arms of the chromosome, and the circles connecting solid lines denote the centromere. The target locus is located in the long arm of the chromosome and the identical-by-descent alleles are denoted by the same letter. (A) Random chromosome segregation (RCS) ignores the crossover between the target locus and the centromere ([@bib32]). In the absence of crossing over, gametes may originate from any combination of homologous chromosomes, and two sister chromatids never sort into the same gamete ([@bib37]); (B) Pure random chromatid segregation (PRCS) accounts for the crossing over between the target locus and the centromere, and assumes the chromatids behave independently and randomly segregate into gametes ([@bib16]). When sister chromatids segregate into the same gamete, double-reduction occurs. The probability that the two chromatids in a gamete are sister chromatids is 4 (the number of sister chromatids pairs) divided by $\begin{pmatrix}
8 \\
2 \\
\end{pmatrix}$ (the number of ways to sample two chromatids from eight chromatids), which is equal to $1/7$. (C) Complete equational segregation (CES), homologous chromosomes pair and chromatids exchange via recombination ([@bib30]). The whole arms of sister chromatids are exchanged into different chromosomes. The probability that two homologous chromosomes within a single secondary oocyte were previously paired at a target locus in prophase I is $1/3$. In this case, these sister chromatid fragments will segregate in a single gamete at a ratio of $1/2$, so the rate of double-reduction is thus $1/6$ for tetrasomic inheritance.](1693f1){#fig1}

Double-reduction results in gametes carrying *identical-by-descent* (IBD) alleles and slightly increased homozygosity ([@bib17]). Experiments aimed at estimating the frequency of double-reduction in autotetraploids have yielded values ranging from 0 to almost 0.30 ([@bib51]). It has a similar effect as inbreeding, and can cause a deviation in genotypic frequencies from the Hardy-Weinberg equilibrium ([@bib26]). [@bib13] first studied the Mid gene of *Lythrum salicaria*, and produced an analytical method to estimate genotypic frequencies for tetrasomic inheritance for a biallelic locus. [@bib15] extended this work to a multiallelic locus for tetrasomic inheritance. However, the genotypic frequencies for polysomic inheritance for higher levels of ploidy and for a multiallelic locus have been neglected.

Genotypic frequencies are important in population genetics, molecular ecology and molecular breeding, with the *Hardy-Weinberg equilibrium* (HWE) being the basal standard for analytical methods in disomic inheritance. Several methods assume that loci conform to the HWE for the calculations of certain model parameters or statistics, for example, the likelihood of a genotype (population assignment, Bayesian clustering, parentage analysis), the statistics measuring the deviation from expectations (linkage disequilibrium test, differentiation test, heterozygote deficiency/excess test, bottle-neck effect test), and other parameters (*e.g.*, individual inbreeding coefficient, relatedness coefficient, kinship coefficient, QTL mapping). Although some analytical methods have been developed for organisms with polysomic inheritance (*e.g.*, [@bib5]; [@bib18]; [@bib19]; [@bib31]; [@bib39]), none of these methods accounts for double-reduction, and thus in the presence of double-reduction will produce misleading results. For example, in tetrasomic inheritance, $ABCD \times EFGH$ may produce an offspring $AAEE$, and both parents are excluded as the true parents in parentage analysis.

Due to the genotypic ambiguity of polyploid species, the correct genotype cannot be obtained because some genotypes share a common electrophoretic band type in PCR-based co-dominant markers (*e.g.*, microsatellites) and the allelic dosage is unknown ([@bib17]). For example, in autotetraploids, the three genotypes $AAAB$, $AABB$ and $ABBB$ have a same electrophoretic band type of $AB$. We define the set of alleles within an individual as its phenotype.

Here, we extend an existing double-reduction model to incorporate the recombination rate into CES, and show two methods to derive the symbolic expressions for genotypic frequencies at equilibrium. To enable other researchers make similar calculations, we make available a C++ source code that enables the calculation of genotypic/phenotypic frequencies of gametes/zygotes at equilibrium to a maximum ploidy level of ten.

Double-reduction models {#s1}
=======================

In this paper, we assume that the population size is sufficiently large and there are no differences in selection between both zygotes and gametes. All zygotes will thus have an equal opportunity to mature and reproduce, and all gametes will have an equal opportunity to become fertilized. Therefore, the zygote frequencies are equal to the genotypic frequencies of reproducing individuals, and as a result, we use the zygote frequencies to indicate the genotypic frequencies of reproducing individuals. The double-reduction rates (*i.e.*, alpha) are assumed to be equal among reproducing individuals (*e.g.*, in females and males). Mutation and migration are not included in our model, whereas inbreeding is included for analyzing the influence of inbreeding and double-reduction on the inbreeding coefficient and for estimating heterozygosity. Organisms with odd levels of ploidy are not considered because of their inherent inability to produce euploid gametes --- these organisms are sterile.

Transitional probability from zygotes to gametes {#s2}
------------------------------------------------

The transitional probability from a zygote to a gamete is the probability that a zygote produces a gamete of a certain genotype, which can be used to find the double-reduction rates of PRCS and to derive the analytical expression of gamete frequencies in the first step of the non-linear method (see Non-linear method section). Such a probability can also be applied to some population genetics studies such as parentage analysis, and the calculation of segregation ratios in mapping populations (see Discussion).

If the rate of double-reduction is greater than zero, the gametes will carry *identical-by-double-reduction* (IBDR) alleles. For tetrasomic and hexasomic inheritance, there are only two and three allele copies within a gamete, respectively. Hence, it can be found at most one pair of IBDR alleles within a gamete, and a single parameter can be used to measure the rate of double-reduction.

In polysomic inheritance with a higher level of ploidy, there may be more than one pair of IBDR alleles in a gamete. Therefore, it is necessary to add some additional parameters in the segregation ratios. The transitional probability from zygotes to gametes for tetrasomic and hexasomic inheritances at a biallelic locus (the Mid gene in *Lythrum salicaria*) has been studied previously by [@bib14]. Here, we extend the work of Fisher and Mather and use a general mathematical expression of this transitional probability. There are at most $\left\lfloor {\mathit{v}/4} \right\rfloor$ pairs of IBDR alleles within a gamete, where $\mathit{v}$ is the ploidy level of the resulting zygote. Let *G* and $\mathit{g}$ be the genotypes of a zygote and a gamete, respectively, and let $\mathit{\alpha}_{i}$ be the probability that the gamete carries *i* pairs of IBDR alleles, then ${\sum^{}}_{i = 0}^{\lfloor{\mathit{v}/4}\rfloor}\mathit{\alpha}_{i} = 1$. Suppose that *h* is the number of alleles at target locus, then the probability that *G* produces $\mathit{g}$ is the following weighted sum:$$T\left( \mathit{g} \middle| G \right) = \sum\limits_{i = 0}^{\lfloor{\mathit{v}/4}\rfloor}\sum\limits_{j_{1} + j_{2} + \ldots + j_{h} = i}\frac{{\prod^{}}_{k = 1}^{h}\delta_{jk}\begin{pmatrix}
n_{k} \\
j_{k} \\
\end{pmatrix}\begin{pmatrix}
{n_{k} - j_{k}} \\
{m_{k} - 2j_{k}} \\
\end{pmatrix}}{\begin{pmatrix}
\mathit{v} \\
i \\
\end{pmatrix}\begin{pmatrix}
{\mathit{v} - i} \\
{{\mathit{v}/2} - 2i} \\
\end{pmatrix}}\mathit{\alpha}_{i}.$$Where $n_{k}$ and $m_{k}$ are the numbers of copies of the $k^{\text{th}}$ allele (say $A_{k}$) in *G* and $\mathit{g}$, respectively, and $j_{k}$ is the number of IBDR allele pairs $A_{k} - A_{k}$ in $\mathit{g}$, $k = 1,2,\cdots,h$, then ${\sum^{}}_{k = 1}^{h}n_{k} = \mathit{v}$, ${\sum^{}}_{k = 1}^{h}m_{k} = {\mathit{v}/2}$ and ${\sum^{}}_{k = 1}^{h}j_{k} = i$.

The symbol $\delta_{jk}$ in [Equation (1)](#eq1){ref-type="disp-formula"} is a binary variable, which is used to limit the range of $j_{k}$, so as to avoid some invalid situations. Note that the combination $\begin{pmatrix}
n_{k} \\
j_{k} \\
\end{pmatrix}$ implies $0\leq j_{k}\leq n_{k}$, and $\begin{pmatrix}
{n_{k} - j_{k}} \\
{m_{k} - 2j_{k}} \\
\end{pmatrix}$ implies $0\leq m_{k} - 2j_{k}\leq n_{k} - j_{k}$, or equivalently it implies $j_{k}\leq{m_{k}/2}$ and $m_{k} - n_{k}\leq j_{k}$. Hence $\delta_{jk} = 1$ if $\text{max}\left( {0,m_{k} - n_{k}} \right)\leq j_{k}\leq\text{min}\left( {n_{k},{m_{k}/2}} \right)$, otherwise $\delta_{jk} = 0$.

In [Equation (1)](#eq1){ref-type="disp-formula"}, for every *i* ($i = 0,1,2,\cdots,\left\lfloor {\mathit{v}/4} \right\rfloor$), two events need consideration. First, is the event that $\mathit{g}$ carries *i* pairs of IBDR alleles. Second, is the event that those *i* pairs of IBDR alleles are distributed into *h* kinds of alleles. Because both types of event are mutually exclusive, the products of the probabilities of the two events stated above are summed to obtain $T\left( \mathit{g}\, \middle| \, G \right)$.

Each chromosome is duplicated during meiosis, so each allele in *G* becomes a pair of duplicated alleles. For the $k^{\text{th}}$ kind of allele, first we sample $j_{k}$ pairs from the $n_{k}$ pairs of duplicated alleles $A_{k} - A_{k}$, then there are $\begin{pmatrix}
n_{k} \\
j_{k} \\
\end{pmatrix}$ ways (where $0\leq j_{k}\leq n_{k}$), and so the first combination in the numerator of [Equation (1)](#eq1){ref-type="disp-formula"} is obtained. We then sample the non-IBDR alleles to form $\mathit{g}$. The remaining is $n_{k} - j_{k}$ pairs of duplicated alleles $A_{k} - A_{k}$, which still requires $m_{k} - 2j_{k}$ copies of $A_{k}$. Then we sample $m_{k} - 2j_{k}$ pairs of duplicated alleles $A_{k} - A_{k}$, and so there are $\begin{pmatrix}
{n_{k} - j_{k}} \\
{m_{k} - 2j_{k}} \\
\end{pmatrix}$ ways (where $0\leq m_{k} - 2j_{k}\leq n_{k} - j_{k}$), which obtains the second combination in the numerator of [Equation (1)](#eq1){ref-type="disp-formula"}. Moreover, if we sample one copy of $A_{k}$ in each pair of the $m_{k} - 2j_{k}$ pairs of duplicated alleles, then there are altogether $2^{m_{k} - 2j_{k}}$ possible combinations. Because each sampling combination is independent for different kinds of alleles, the total number of combinations is the product ${\prod^{}}_{k = 1}^{h}2^{m_{k} - 2j_{k}}\delta_{jk}\begin{pmatrix}
n_{k} \\
j_{k} \\
\end{pmatrix}\begin{pmatrix}
{n_{k} - j_{k}} \\
{m_{k} - 2j_{k}} \\
\end{pmatrix} = 2^{{\mathit{v}/2} - 2i}{\prod^{}}_{k = 1}^{h}\delta_{jk}\begin{pmatrix}
n_{k} \\
j_{k} \\
\end{pmatrix}\begin{pmatrix}
{n_{k} - j_{k}} \\
{m_{k} - 2j_{k}} \\
\end{pmatrix}$.

In the following example, we consider the total number of combinations to produce a gamete consisting of *i* pairs of IBDR alleles without accounting for the specific genotypes *G* and $\mathit{g}$. Similar to the above process, we first sample *i* pairs from the $\mathit{v}$ pairs of duplicated alleles, and these alleles will become the IBD alleles in $\mathit{g}$. We then sample ${\mathit{v}/2} - 2i$ pairs from the remaining $\mathit{v} - i$ pairs, and then one allele in each pair of the ${\mathit{v}/2} - 2i$ pairs is further sampled to form $\mathit{g}$. The total number of allele combinations is $2^{{\mathit{v}/2} - 2i}\begin{pmatrix}
\mathit{v} \\
i \\
\end{pmatrix}\begin{pmatrix}
{\mathit{v} - i} \\
{{\mathit{v}/2} - 2i} \\
\end{pmatrix}$. Here the coefficient $2^{{\mathit{v}/2} - 2i}$ is eliminated in the fraction in [Equation (1)](#eq1){ref-type="disp-formula"}.

[Equation (1)](#eq1){ref-type="disp-formula"} is a general expression of the transitional probability, and can be applied at multiallelic loci and at any even level of ploidy. As an example, the transitional probability from zygotes to gametes in octosomic inheritance at a biallelic locus is shown in [Table 1](#t1){ref-type="table"}. Another example is shown in Appendix A, which is the derivation of $T\left( BBBB\, \middle| \, ABBBBBBB \right) = {\left( {4\mathit{\alpha}_{0} + 5\mathit{\alpha}_{1} + 6\mathit{\alpha}_{2}} \right)/8}$.

###### Transitional probability from zygotes to gametes in octosomic inheritance at a biallelic locus

  Zygote       Gamete                                                                   Divisor                                                                                                                                                                                                                                                
  ------------ ------------------------------------------------------------------------ ------------------------------------------------- ------------------------------------------------------------------------- ------------------------------------------------- ------------------------------------------------------------------------ ----
  $AAAAAAAA$   1                                                                        $-$                                               $-$                                                                       $-$                                               $-$                                                                      1
  $AAAAAAAB$   $4\mathit{\alpha}_{0} + 5\mathit{\alpha}_{1} + 6\mathit{\alpha}_{2}$     $4\mathit{\alpha}_{0} + 2\mathit{\alpha}_{1}$     $\mathit{\alpha}_{1} + 2\mathit{\alpha}_{2}$                              $-$                                               $-$                                                                      8
  $AAAAAABB$   $6\mathit{\alpha}_{0} + 10\mathit{\alpha}_{1} + 15\mathit{\alpha}_{2}$   $16\mathit{\alpha}_{0} + 10\mathit{\alpha}_{1}$   $6\mathit{\alpha}_{0} + 6\mathit{\alpha}_{1} + 12\mathit{\alpha}_{2}$     $2\mathit{\alpha}_{1}$                            $\mathit{\alpha}_{2}$                                                    28
  $AAAAABBB$   $4\mathit{\alpha}_{0} + 10\mathit{\alpha}_{1} + 20\mathit{\alpha}_{2}$   $24\mathit{\alpha}_{0} + 20\mathit{\alpha}_{1}$   $24\mathit{\alpha}_{0} + 15\mathit{\alpha}_{1} + 30\mathit{\alpha}_{2}$   $4\mathit{\alpha}_{0} + 10\mathit{\alpha}_{1}$    $\mathit{\alpha}_{1} + 6\mathit{\alpha}_{2}$                             56
  $AAAABBBB$   $\mathit{\alpha}_{0} + 5\mathit{\alpha}_{1} + 15\mathit{\alpha}_{2}$     $16\mathit{\alpha}_{0} + 20\mathit{\alpha}_{1}$   $36\mathit{\alpha}_{0} + 20\mathit{\alpha}_{1} + 40\mathit{\alpha}_{2}$   $16\mathit{\alpha}_{0} + 20\mathit{\alpha}_{1}$   $\mathit{\alpha}_{0} + 5\mathit{\alpha}_{1} + 15\mathit{\alpha}_{2}$     70
  $AAABBBBB$   $\mathit{\alpha}_{1} + 6\mathit{\alpha}_{2}$                             $4\mathit{\alpha}_{0} + 10\mathit{\alpha}_{1}$    $24\mathit{\alpha}_{0} + 15\mathit{\alpha}_{1} + 30\mathit{\alpha}_{2}$   $24\mathit{\alpha}_{0} + 20\mathit{\alpha}_{1}$   $4\mathit{\alpha}_{0} + 10\mathit{\alpha}_{1} + 20\mathit{\alpha}_{2}$   56
  $AABBBBBB$   $\mathit{\alpha}_{2}$                                                    $2\mathit{\alpha}_{1}$                            $6\mathit{\alpha}_{0} + 6\mathit{\alpha}_{1} + 12\mathit{\alpha}_{2}$     $16\mathit{\alpha}_{0} + 10\mathit{\alpha}_{1}$   $6\mathit{\alpha}_{0} + 10\mathit{\alpha}_{1} + 15\mathit{\alpha}_{2}$   28
  $ABBBBBBB$   $-$                                                                      $-$                                               $\mathit{\alpha}_{1} + 2\mathit{\alpha}_{2}$                              $4\mathit{\alpha}_{0} + 2\mathit{\alpha}_{1}$     $4\mathit{\alpha}_{0} + 5\mathit{\alpha}_{1} + 6\mathit{\alpha}_{2}$     8
  $BBBBBBBB$   $-$                                                                      $-$                                               $-$                                                                       $-$                                               1                                                                        1

Random chromosome segregation {#s3}
-----------------------------

The random chromosome segregation model ignores the crossover between the target locus and the centromere, and the rate of double-reduction ($\mathit{\alpha}$) is equal to zero ([@bib32]). In the absence of crossing over, gametes may originate from any combination of homologous chromosomes, and two sister chromatids never sort into the same gamete ([@bib37], [Figure 1A](#fig1){ref-type="fig"}). Therefore, genotypic frequencies concur with the HWE. Here, the HWE is expanded to account for polysomic inheritance, in which the alleles in a genotype are independent and randomly appear according to their frequencies. Thus, the genotypic frequency under the RCS can be expressed as$$\text{Pr}\left( {\left. G \right|\text{RCS}} \right) = \frac{\mathit{v}!}{n_{1}!n_{2}!\cdots n_{h}!}\prod\limits_{k = 1}^{h}p_{k}^{n_{k}}.$$Where $p_{k}$ denotes the frequency of $A_{k}$. For example, the frequency of a tetraploid genotype $AABC$ is $12p_{A}^{2}p_{B}p_{C}$.

When the conditions of the RCS are met, $\mathit{\alpha}_{i} = 0$ whenever $i > 0$, then [Equation (1)](#eq1){ref-type="disp-formula"} can be simplified to
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Pure random chromatid segregation {#s4}
---------------------------------

Pure random chromatid segregation accounts for crossing over and assumes the chromatids behave independently in meiotic anaphases, and randomly segregate into gametes ([@bib16], [Figure 1B](#fig1){ref-type="fig"}). Then the probability that a zygote *G* produces a gamete *g* at a multiallelic locus can be derived by sampling $\mathit{v}/2$ chromatids (or allele copies) in a total number of $2\mathit{v}$ chromatids (or allele copies). Because the number of chromatids is twice the number of chromosomes, the transitional probability $T\left( \mathit{g} \middle| G,\,\text{PRCS} \right)$ can be modified from [Equation (2)](#eq2){ref-type="disp-formula"} by duplicating the terms $n_{k}$ and $\mathit{v}$ in those combinations as follows:$$T\left( \mathit{g} \middle| G,\,\text{PRCS} \right) = \left\lbrack {{\prod\limits_{k = 1}^{h}\begin{pmatrix}
{2n_{k}} \\
m_{k} \\
\end{pmatrix}}/\begin{pmatrix}
{2\mathit{v}} \\
{\mathit{v}/2} \\
\end{pmatrix}} \right\rbrack.$$The value of alpha of PRCS can be derived by simulating the meiosis, first by sampling ${\mathit{v}/2} - i$ IBDR allele pairs out of $\mathit{v}$ IBDR allele pairs, and then by segregating *i* IBDR allele pairs and ${\mathit{v}/2} - 2i$ non-IBDR alleles into the gamete. Therefore, the value of $\mathit{\alpha}_{i}$ is given by$$\mathit{\alpha}_{i} = \begin{pmatrix}
\mathit{v} \\
{\mathit{v}/{2 - i}} \\
\end{pmatrix}{{\begin{pmatrix}
{\mathit{v}/{2 - i}} \\
i \\
\end{pmatrix}2^{\mathit{v}/{2 - 2i}}}/\begin{pmatrix}
{2\mathit{v}} \\
{\mathit{v}/2} \\
\end{pmatrix}}.$$The values of alpha under PRCS, ranging from tetrasomic to dodecasomic inheritance, are shown in [Table 2](#t2){ref-type="table"}. The expected number of IBDR allele pairs in a gamete $\mathit{\lambda} = {\sum_{\mathit{i}}\mathit{\alpha}_{i}} = {{\mathit{v}\left( {\mathit{v} - 2} \right)}/\left( {16\mathit{v} - 8} \right)}$.

###### **The probabilities of a gamete carrying *i* pairs of identical-by-double-reduction alleles (**$\alpha_{i}$**) and the inbreeding coefficient in an outcrossed population with pure random chromatid segregation (PRCS), complete equational segregation (CES) or partial equational segregation (PES)**

  Model         Inheritance                                                     $\mathit{\alpha}_{1}$                                 $\mathit{\alpha}_{2}$       $\mathit{\alpha}_{3}$           *F*                          *f*                                                            
  ------------- --------------------------------------------------------------- ----------------------------------------------------- --------------------------- ------------------------------- ---------------------------- -------------------------------- ----------------------------- --------
  PRCS          Tetrasomic                                                      $\frac{1}{7}$                                                                                                     $\frac{1}{15}$               0.0667                           $\frac{1}{5}$                 0.2000
  Hexasomic     $\frac{3}{11}$                                                                                                                                    $\frac{2}{35}$                  0.0571                       $\frac{1}{7}$                    0.1429                        
  Octosomic     $\frac{24}{65}$                                                 $\frac{1}{65}$                                                                    $\frac{1}{21}$                  0.0476                       $\frac{1}{9}$                    0.1111                        
  Decasomic     $\frac{140}{323}$                                               $\frac{15}{323}$                                                                  $\frac{4}{99}$                  0.0404                       $\frac{1}{11}$                   0.0909                        
  Dodecasomic   $\frac{1440}{3059}$                                             $\frac{270}{3059}$                                    $\frac{5}{3059}$            $\frac{5}{143}$                 0.0350                       $\frac{1}{13}$                   0.0769                        
  CES           Tetrasomic                                                      $\frac{1}{6}$                                                                                                     $\frac{1}{13}$               0.0769                           $\frac{3}{13}$                0.2308
  Hexasomic     $\frac{3}{10}$                                                                                                                                    $\frac{1}{16}$                  0.0625                       $\frac{5}{32}$                   0.1563                        
  Octosomic     $\frac{27}{70}$                                                 $\frac{3}{140}$                                                                   $\frac{3}{59}$                  0.0508                       $\frac{7}{59}$                   0.1186                        
  Decasomic     $\frac{55}{126}$                                                $\frac{5}{84}$                                                                    $\frac{2}{47}$                  0.0426                       $\frac{9}{94}$                   0.0957                        
  Dodecasomic   $\frac{285}{616}$                                               $\frac{65}{616}$                                      $\frac{5}{1848}$            $\frac{5}{137}$                 0.0365                       $\frac{11}{137}$                 0.0803                        
  PES           Tetrasomic                                                      $\frac{r_{s}}{6}$                                                                                                 $\frac{r_{s}}{12 + r_{s}}$   0.0400                           $\frac{3r_{s}}{12 + r_{s}}$   0.1200
  Hexasomic     $\frac{3r_{s}}{10}$                                                                                                                               $\frac{r_{s}}{15 + r_{s}}$      0.0323                       $\frac{5r_{s}}{30 + 2r_{s}}$     0.0806                        
  Octosomic     $\frac{3r_{s}\left( {10 - r_{s}} \right)}{70}$                  $\frac{3r_{s}^{2}}{140}$                                                          $\frac{3r_{s}}{56 + 3r_{s}}$    0.0261                       $\frac{7r_{s}}{56 + 3r_{s}}$     0.0609                        
  Decasomic     $\frac{5r_{s}\left( {14 - 3r_{s}} \right)}{126}$                $\frac{5r_{s}^{2}}{84}$                                                           $\frac{2r_{s}}{45 + 2r_{s}}$    0.0217                       $\frac{9r_{s}}{90 + 4r_{s}}$     0.0489                        
  Dodecasomic   $\frac{5r_{s}\left( {84 - 28r_{s} + r_{s}^{2}} \right)}{616}$   $\frac{5r_{s}^{2}\left( {14 - r_{s}} \right)}{616}$   $\frac{5r_{s}^{3}}{1848}$   $\frac{5r_{s}}{132 + 5r_{s}}$   0.0186                       $\frac{11r_{s}}{132 + 5r_{s}}$   0.0409                        

Where *r*~*s*~ denotes the single chromatid recombination rate between target locus and the centromere, *F* and *f* denote the inbreeding coefficients in zygotes and gametes, respectively. The numerical solutions of *F* and *f* are given in the rightmost column. For PES, these numerical solutions are calculated with *r*~*s*~ = 0.5.

Complete equational segregation {#s5}
-------------------------------

The *complete equational segregation* (CES) assumes that the whole arms of the two pairing chromatids are exchanged between pairing chromosomes ([@bib30]). In [Figure 1C](#fig1){ref-type="fig"}, the leftmost two chromosomes in the primary oocyte are paired in the long arms, as well as the rightmost two chromosomes. In Metaphase I, the chromosomes randomly segregate into the secondary oocytes. If the pairing chromosomes segregate in the same secondary oocyte, then the duplicated alleles may further segregate into a single gamete.

The production of double-reduction gametes requires the fulfillment of two conditions: (i) the chromosomes paired at target locus segregate into the same secondary oocyte, and (ii) the duplicated alleles segregate into the same gamete. In order to construct a mathematical model of CES, we simulate this meiosis, and the values of alpha will be derived by using a two-step process.

First, we model the probability, $\mu_{j}$, that *j pairs of chromosomes paired at the target locus* (PCPs) segregate into a secondary oocyte. There are $\mathit{v}/2$ PCPs in the primary oocyte, so we have $\begin{pmatrix}
{\mathit{v}/2} \\
j \\
\end{pmatrix}$ combinations to sample *j* pairs. Next, for the remaining $\mathit{v}/{2 - j}$ PCPs, it still requires $\mathit{v}/{2 - 2j}$ chromosomes that are not paired with each other at target locus during prophase I to form the secondary oocyte. We therefore (i) sample $\mathit{v}/{2 - 2j}$ PCPs from the remaining $\mathit{v}/{2 - j}$ PCPs (there are $\begin{pmatrix}
{\mathit{v}/{2 - j}} \\
{\mathit{v}/{2 - 2j}} \\
\end{pmatrix}$ combinations), and (ii) sample one chromosome from each PCP in the previously sampled $\mathit{v}/{2 - 2j}$ PCPs (there are $2^{\mathit{v}/{2 - 2j}}$ chromosome combinations). The product of the above three numbers of combinations is divided by the total number of segregation modes in Metaphase I, *i.e.*, $\begin{pmatrix}
\mathit{v} \\
{\mathit{v}/2} \\
\end{pmatrix}$, to derive $\mu_{j}$. The process described above can be summarized by the following expression:$$\mu_{j} = 2^{\mathit{v}/{2 - 2j}}\begin{pmatrix}
{\mathit{v}/2} \\
j \\
\end{pmatrix}{\begin{pmatrix}
{\mathit{v}/{2 - j}} \\
{\mathit{v}/{2 - 2j}} \\
\end{pmatrix}/\begin{pmatrix}
\mathit{v} \\
{\mathit{v}/2} \\
\end{pmatrix}}\,\quad\left( {0\leq j\leq\left\lfloor {\mathit{v}/4} \right\rfloor} \right).$$Second, we model the probability, $\mathit{\alpha}_{i}$, that *i* pairs of duplicated alleles segregate into a single gamete. There are *j* PCPs in the second oocyte, and each has four alleles (*e.g.*, the alleles in both chromosomes are *A* and *B* in the top second oocyte of [Figure 1C](#fig1){ref-type="fig"}). There are four segregation modes for each PCP in Anaphase II, where two of them ($AA$ and $BB$) produce gametes with IBDR alleles and the other two ($AB$ and $BA$) pass non-IBDR alleles into the gamete. In order to produce a gamete consisting of *i* pairs of IBDR alleles, *i* PCPs are sampled and segregate IBDR alleles. Following the description above, we have $\begin{pmatrix}
j \\
i \\
\end{pmatrix}2^{i}$ combinations of sampling *i* PCPs that pass IBDR alleles into a gamete from *j* PCPs. Next, the remaining $j - i$ PCPs pass non-IBDR alleles, and so there are $2^{j - i}$ combinations. In each of the remaining $\mathit{v}/{2 - 2j}$ chromosomes that are not paired with each other during prophase I, one of the two alleles segregates into the gamete, and hence there are $2^{\mathit{v}/{2 - 2j}}$ allele combinations. The product of these numbers of combinations is divided by the total number of segregation modes in Metaphase II, *i.e.*, $2^{\mathit{v}/2}$, to obtain the expression $\begin{pmatrix}
j \\
i \\
\end{pmatrix}\frac{2^{i}2^{j - i}2^{\mathit{v}/{2 - 2j}}}{2^{\mathit{v}/2}}$, *i.e.*, $2^{- j}\begin{pmatrix}
j \\
i \\
\end{pmatrix}$, which is the value of $\mathit{\alpha}_{i}$ conditional on *j*, where $i\leq j\leq\left\lfloor {\mathit{v}/4} \right\rfloor$. Because the events that the secondary oocyte contains different numbers of PCPs are mutually exclusive, their probabilities are weighted by $\mu_{j}$ to obtain the weighted sum, *i.e.*, $\alpha_{i}$, whose expression is as follows:$$\mathit{\alpha}_{i} = \sum\limits_{j = i}^{\lfloor{\mathit{v}/4}\rfloor}2^{- j}\mu_{j}\begin{pmatrix}
j \\
i \\
\end{pmatrix}.$$Using [Equation (5)](#eq5){ref-type="disp-formula"}, the values of alpha of the CES can be derived for different inheritance modes, and these are presented in [Table 2](#t2){ref-type="table"}. The example deriving the values of alpha under octosomic inheritance is given in Appendix B. The expected number of IBDR allele pairs in a gamete $\mathit{\lambda} = {\sum_{\mathit{i}}{\mathit{\alpha}_{i} = {{\mathit{v}\left( {\mathit{v} - 2} \right)}/\left( {16\mathit{v} - 16} \right)}}}$.

Partial equational segregation {#s6}
------------------------------

The *recombination fraction* (denoted by *r*) between two loci is defined as the ratio of the number of recombined gametes to the total number of gametes produced. The maximum recombination fraction for diploids is $r = 0.5$ ([@bib52]). However, in autopolyploids, because there are $\mathit{v}/2$ PCPs, the maximum recombination fraction for an autopolyploid organism is $r = 1 - 0.5^{\mathit{v}/2}$, *e.g.*, $r = 0.75$ for autotetraploids.

We used the *single chromatid recombination rate* (denoted by $r_{s}$) between the target locus and the centromere ($r_{s}$) to evaluate the degree of recombination in polysomic inheritance, which is the probability that an allele in a chromatid is exchanged with the pairing chromatid. Hence, *r* and $r_{s}$ can be converted to each other by the formula $r = 1 - \left( {1 - r_{s}} \right)^{\mathit{v}/2}$. Moreover, $r_{s}$ can be calculated by Haldane's mapping function $r_{s} = \frac{1}{2}\left\lbrack {1 - \text{exp}\left( {{- 2d}/100} \right)} \right\rbrack$ where *d* is the distance between the target locus and the centromere (the unit of length is the centimorgan).

In the CES model, the two alleles in a pair of pairing chromatids are assumed to be exchanged at a probability of 100%. This 'ideal' condition is unlikely to occur in nature. We thus usually consider that the maximum single chromatid recombination rate is $r_{s} = 50$%, and that the distance between the target locus and the centromere is extremely long. Although [@bib30] incorporated the recombination rate into his model, assuming 100% recombination has been widely used in similar studies (*e.g.*, [@bib4]; [@bib51]).

We incorporated the single chromatid recombination rate $r_{s}$ into the CES to allow a greater generalization, which allows for the situation that only some fragments of the two pairing chromatids are exchanged between pairing chromosomes. Such a model is called the *partial equational segregation* (PES) model.

In the first step for CES, we model the probability $\mu_{j}$ that *j* PCPs segregate into a secondary oocyte, which remains unchanged in the PES.

Assuming that the alleles in each PCP are exchanged at a probability of $r_{s}$ between pairing chromatids and those *j* PCPs are exchanged independently, then the number of *exchanged PCPs* (EPCPs) is drawn from the binomial distribution, and so the probability $\nu_{k}$ that the second oocyte contains *k* EPCPs is$$\nu_{k} = \sum\limits_{j = k}^{\lfloor{\mathit{v}/4}\rfloor}\mu_{j}\begin{pmatrix}
j \\
k \\
\end{pmatrix}r_{s}^{k}\left( {1 - r_{s}} \right)^{j - k}.$$It is noteworthy that only the EPCPs are able to produce IBDR alleles under a PES model. Following the process of the second step for CES, we derive the alpha for PES by: (i) sampling *i* EPCPs from *k* EPCPs (there are $\begin{pmatrix}
k \\
i \\
\end{pmatrix}$ ways to do this); (ii) sampling IBDR alleles from those *i* EPCPs (there are $2^{i}$ ways to do this); (iii) sampling non-IBDR alleles from the remaining $k - i$ EPCPs (there are $2^{k - i}$ ways to do this); (iv) sampling the remaining non-IBDR alleles from the remaining $\mathit{v}/{2 - 2k}$ chromosomes (there are $2^{\mathit{v}/{2 - 2k}}$ ways to do this). The product of the numbers of ways to do the above four steps is now divided by the total number of segregation modes in Metaphase II, *i.e.*, $2^{\mathit{v}/2}$, to obtain the expression $\begin{pmatrix}
k \\
i \\
\end{pmatrix}\frac{2^{i}2^{k - i}2^{\mathit{v}/{2 - 2k}}}{2^{\mathit{v}/2}}$, *i.e.*, $2^{- k}\begin{pmatrix}
k \\
i \\
\end{pmatrix}$, which is the value of $\mathit{\alpha}_{i}$ conditional on *k*, where $i\leq k\leq\left\lfloor {\mathit{v}/4} \right\rfloor$. Moreover, the events that the secondary oocyte contains different numbers of EPCPs are mutually exclusive. Therefore, the weighted sum of their probabilities with $\nu_{k}$ as their weights are calculated to obtain $\mathit{\alpha}_{i}$ under PES, whose expression is as follows:$$\mathit{\alpha}_{i} = \sum\limits_{k = i}^{\lfloor{\mathit{v}/4}\rfloor}2^{- k}\nu_{k}\begin{pmatrix}
k \\
i \\
\end{pmatrix},$$where $\nu_{k}$ is given in [Equation (6)](#eq6){ref-type="disp-formula"}.

Using [Equation (7)](#eq7){ref-type="disp-formula"}, the values of alpha in the PES model for tetrasomic to dodecasomic inheritance can be derived, and the results are presented in [Table 2](#t2){ref-type="table"}. An example deriving the values of alpha under octosomic inheritance is also given in Appendix B. The expected number of IBDR allele pairs in a gamete is $\mathit{\lambda} = {\sum_{i = 0}^{\lfloor{v/4}\rfloor}{\mathit{\alpha}_{i} = {{r_{s}\mathit{v}\left( {\mathit{v} - 2} \right)}/\left( {16\mathit{v} - 16} \right)}}}$.

The genotypic frequencies at equilibrium {#s7}
========================================

Here we present two methods to derive the genotypic frequencies at a multiallelic locus for higher levels of ploidy. The first method, the non-linear method, is modified from [@bib13] method and uses the transitional probability from zygotes to gametes to account for the multiallelic loci. Because this method is computationally difficult for a ploidy level higher than six under current conditions, we develop an alternative method to derive the genotypic frequency up to and including decasomic inheritance. The second method, the linear method, uses the solution of the non-linear method at a biallelic locus as the initial solution, and at each step a novel allele is segregated from an existing allele and the genotypic frequencies are updated.

Non-linear method {#s8}
-----------------

For this method, the total probability formula together with [Equation (1)](#eq1){ref-type="disp-formula"} are used to derive the gamete frequencies and the multiplication theorem of probability is used to derive the zygote frequencies. If the genotypic frequencies reach equilibrium, they will not change subsequently, and the system of equations that we will construct can be solved by adding some constraints. In the following text, we denote GFG for *genotypic frequencies of gametes*, and GFZ for *genotypic frequencies of zygotes*. Our system of non-linear equations will be presented by the following two steps.Simulating meiosis. Given a gamete $\mathit{g}$, if the genotypic frequencies reach equilibrium, then the GFG is determined by the total probability formula, *i.e.*, the sum of the transition probabilities $T\left( \mathit{g} \middle| G_{i} \right)$ weighted by GFZ, symbolically$$\text{Pr}\left( \mathit{g} \right) = {\sum\limits_{i}{\text{Pr}\left( G_{i} \right)T\left( \mathit{g} \middle| G_{i} \right)}}.$$Here $G_{i}$ is taken from all zygote genotypes and $T\left( \mathit{g} \middle| G_{i} \right)$ can be obtained by [Equation (1)](#eq1){ref-type="disp-formula"}. Because there are $\begin{pmatrix}
{\mathit{v}/{2 + h - 1}} \\
{\mathit{v}/2} \\
\end{pmatrix}$ gamete genotypes, [Equation (8)](#eq8){ref-type="disp-formula"} represents $\begin{pmatrix}
{\mathit{v}/{2 + h - 1}} \\
{\mathit{v}/2} \\
\end{pmatrix}$ equations.Simulating fertilization. The GFZ in the next generation is determined by the multiplication theorem of probability with GFG as the weight. Under equilibrium, the GFG and GFZ are constant across generations, then for a zygote *G*, we can establish an equation as follows:$$\text{Pr}\left( G \right) = {\sum\limits_{i}{\text{Pr}\left( \mathit{g}_{i} \right)\text{Pr}\left( {G\,\smallsetminus\,\mathit{g}_{i}} \right),}}$$where *G* is regarded as a multiset, $\mathit{g}_{i}$ is taken from all possible different subsets of *G* with $\mathit{v}/2$ elements and the symbol $\smallsetminus$ denotes the operation of set difference. Here, a *multiset* is a generalized set, whose elements can be repeated (*e.g.*, if $G = AAAB$), it can be regarded as a multiset consisting of four elements, *i.e.*, $G = \left\{ {A,A,A,B} \right\}$, and its different subsets containing two elements are $\left\{ {A,A} \right\}$ and $\left\{ {A,B} \right\}$. Moreover, if $\mathit{g} = AA$ is regarded as $\mathit{g} = \left\{ {A,A} \right\}$, then $G\,\smallsetminus\,\mathit{g} = \left\{ {A,B} \right\}$. Because there are $\begin{pmatrix}
{\mathit{v} + h - 1} \\
\mathit{v} \\
\end{pmatrix}$ zygote genotypes, [Equation (9)](#eq9){ref-type="disp-formula"} represents $\begin{pmatrix}
{\mathit{v} + h - 1} \\
\mathit{v} \\
\end{pmatrix}$ equations. If the double-reduction ratios in two parents are different, then the genotypic frequencies of egg and sperm should be treated separately in [Equation (9)](#eq9){ref-type="disp-formula"}, *e.g.*, $\text{Pr}\left( \mathit{g}_{i} \right)$ and $\text{Pr}\left( {G\,\smallsetminus\,\mathit{g}_{i}} \right)$ are replaced by the frequencies of an egg $\mathit{g}_{i}$ and a sperm $G\,\smallsetminus\,\mathit{g}_{i}$, respectively, and their frequencies are calculated by substituting different double-reduction parameters into [Equation (8)](#eq8){ref-type="disp-formula"}.

The process that transforms the allele frequencies into the GFG can be described by a linear substitution in the sense that every allele frequency can be expressed as a linear combination of the GFG. By substituting the equations determined by [Equation (9)](#eq9){ref-type="disp-formula"} into the equations determined by [Equation (8)](#eq8){ref-type="disp-formula"}, we obtain a system of non-linear equations with the GFG as unknowns. This system of equations together with those expressions of the linear combinations mentioned above still forms a system of non-linear equations with the GFG as unknowns and the allele frequencies as parameters. For a lower level of ploidy, the latter system of non-linear equations can be solved, whose solution is with parameters. An example is given in Appendix C, which shows how to find the solution of the latter system of non-linear equations (*i.e.*, how to derive the expressions of GFG with parameters) for tetrasomic inheritance at a triallelic locus.

In Appendix C, for the case of GFG, the whole gamete genotypes are $AA,BB,CC$ and $AB,AC,BC$. We choose $AA$ and $AB$ as representatives of the genotype pattern, then each genotype can be classified into one of these patterns. The partial solution determined by the representatives is called the *generalized form* of the solution mentioned above, whose expression is given in Equation (A3). For the case of GFZ, the notion of generalized form can be similarly defined, whose expression is given in Equation (A4).

For each gamete with $\mathit{v}/2$ allele copies, the number of alleles *h* at the target locus should at least be $\mathit{v}/2$ to allow for all genotypic patterns to be displayed. For example, the full gamete heterozygote $ABCD$ under octosomic inheritance can be observed at a tetra-allelic locus. Furthermore, if ${h\geq\mathit{v}}/{2 + 1}$, the generalized form for all genotypic patterns of GFG can be obtained. Because the allele frequencies at each locus sum to unity, the number of degrees of freedom is equal to $h - 1$. The full gamete heterozygotes can therefore be expressed by $h - 1$ allele frequencies.

Using the tetrasomic inheritance under RCS as an example, the frequency of a gamete $\mathit{g} = AB$ can be solved at a biallelic locus, and the solution is $2p_{A}\left( {1 - p_{A}} \right)$. Moreover, its solution with the generalized form at a triallelic locus can also be obtained, with the answer being $2p_{A}p_{B}$.

The number of equations determined by [Equation (8)](#eq8){ref-type="disp-formula"} or [Equation (9)](#eq9){ref-type="disp-formula"} increases exponentially with increasing levels of ploidy. For example, for the case of [Equation (8)](#eq8){ref-type="disp-formula"}, the number equals 6, 20, 70, 252 and 924 for tetrasomic inheritance to dodecasomic inheritance, while the corresponding sequence is 15, 84, 495, 3003 and 18564 for the case of [Equation (9)](#eq9){ref-type="disp-formula"}. The two numerical sequences increase by about 3.5 and 6.0 times for each level, respectively. Moreover, each expression also becomes more complex as the ploidy level increases. For the case of dodecasomic inheritance, it takes multiple gigabytes of space to store these expressions.

Therefore, the system of non-linear equations becomes computationally difficult for higher levels of ploidy. Using this method, we solved the GFG and GFZ for a maximum ploidy level of six on a workstation with two Intel Xeon E5 2696 V3 CPUs, which have 36 cores in total.

Linear method {#s9}
-------------

An alternative method to solve the genotypic frequencies at equilibrium is via the linear method. For a working example we focus on a protein-coding gene in a panmictic population at equilibrium with an infinite number of individuals. Suppose that there are three alleles with a unique DNA sequence, denoted by *A*, *B* and *C*, and let $p_{A}$, $p_{B}$ and $p_{C}$ be their frequencies. Due to the degeneration of codons, two alleles (*e.g.*, *B* and *C*) may code for the same protein. If isozyme electrophoresis is used for genotyping, then these two alleles cannot be distinguished, so both of them will, for example, be typed as *B*. However, if DNA sequencing is used, both alleles can be distinguished.

Therefore, it can be inferred that the number of alleles of this gene depends on how it is typed, with both biallelic and triallelic states conforming to equilibrium assumptions (*i.e.*, large population size, random mating, no mutation, no selection and no migration) and genotypic frequencies should concur with the equilibrium.

This scenario can also be expressed as follows: (i) originally, the locus is biallelic and the distribution of genotypes is at equilibrium; (ii) at each step, one novel allele mutates from an existing allele, the mutation rate is constant among different copies of this allele in all genotypes, and the IBD alleles in a genotype mutate simultaneously; (iii) therefore, after the mutation at each step, the genotypic frequency will still concur with the equilibrium; (iv) the mutations are repeated until there are $\mathit{v}/2 + 1$ alleles to obtain the generalized form of GFG. The following deductions are therefore derived.

### Deduction (i): {#s10}

For both GFZ and GFG, the frequency of a genotype that contains only the unchanged alleles remains unchanged. In fact, the analytical expression of genotypic frequencies can be regarded as a function of the allele frequencies (refer to Equations (A3) and (A4) in Appendix C). Therefore, when a genotype contains only the unchanged alleles, the corresponding expression of the function is invariable in the process of mutation.

### Deduction (ii): {#s11}

For both GFZ and GFG, the summations of the frequencies before and after the mutation for each genotype that has the same composition of unchanged alleles are equal (*e.g.*, $P_{AABB,2} = P_{AABB,3} + P_{AABC,3} + P_{AACC,3}$ where the last digit in every subscript denotes the number of alleles observed). This fact can be interpreted as several genotypes being merged into one when the locus switches from a triallelic state to a biallelic state.

### Deduction (iii): {#s12}

For both GFZ and GFG, the ratio of frequencies of changed alleles in the genotypes that have the same composition of unchanged alleles is equal to the ratio of frequencies of changed alleles in the population. For example, if the changed alleles are *B* and *C*, we have $P_{AAAB,3}:P_{AAAC,3} = p_{B,3}:p_{C,3}$ and $2P_{AABB,3} + P_{AABC,3}:2P_{AACC,3} + P_{AABC,3} = p_{B,3}:p_{C,3}$. Because the mutation rate is constant in different copies of *B* in all genotypes, a fixed proportion $\frac{p_{C,3}}{p_{B,3} + p_{C,3}}$ of *B* are mutated to *C*.

### Deduction (iv): {#s13}

For two genotypes with the same pattern, we can use the expression of one genotype frequency to derive that of the other. For example, if the analytical expression $P_{AAAB,3} = f\left( {p_{A,3},p_{B,3}} \right)$ of the function is given, by replacing $p_{A,3}$ with $p_{B,3}$, and $p_{B,3}$ with $p_{C,3}$, it follows the expression of $P_{BBBC,3}$, that is $P_{BBBC,3} = f\left( {p_{B,3},p_{C,3}} \right)$.

According to Deduction (iv), if a generalized form for the GFG or GFZ is given, we can write down the whole expressions of the GFG or GFZ.

Using these deductions as stated above, the GFG can be solved step-by-step. At each step, one novel allele is separated from an existing allele. The procedure begins with a biallelic locus, which can be solved by the non-linear method. After the number of alleles reaches $\mathit{v}/{2 + 1}$, the generalized form of GFG is obtained, and then the GFZ can be derived by using [Equation (9)](#eq9){ref-type="disp-formula"}.

Using hexasomic inheritance as an example, we assume that the GFG at a biallelic locus is solved by the non-linear method, *i.e.*, the expressions of $P_{AAA,2}$, $P_{AAB,2}$ and $P_{ABB,2}$ are derived. If a new allele (*e.g.*, *C*) is segregated from *B*, we obtain $P_{AAA,3} = P_{AAA,2}$ via Deduction (i), and $P_{AAB,3} = \frac{p_{B,3}}{p_{B,3} + p_{C,3}}P_{AAB,2}$ via Deduction (iii). Additionally, $P_{BBB,3}$ and $P_{CCC,3}$ can be derived from $P_{AAA,3}$ via Deduction (iv). Similarly, $P_{AAC,3}$, $P_{ABB,3}$, $P_{BBC,3}$, $P_{ACC,3}$ and $P_{BCC,3}$ can be derived from $P_{AAB,3}$. Furthermore, $P_{ABC,3}$ will be obtained from $P_{ABB,2} - P_{ACC,3} - P_{ABB,3}$ via Deduction (ii). Because the degrees of freedom are currently two, one more step is required. In this step, $P_{ABC}$ can be updated by Deduction (iii), and expressed by $P_{ABC,4} = \frac{p_{C,4}}{p_{C,4} + p_{D,4}}P_{ABC,3}$. Finally, $P_{AAA}$ and $P_{AAB}$ remain unchanged because of Deduction (i), and the remaining GFG will be obtained via Deduction (iv). The results of GFG and GFZ for hexasomic inheritance are presented in Appendix D.

The linear method can also be characterized by a system $\mathbf{Ax} = \mathbf{b}$ of linear equations. Using the first mutation in hexasomic inheritance as an example, the coefficient matrix $\mathbf{A}$ is established (see [Table 3](#t3){ref-type="table"} for details, in which $p,\, q$ and *r* denote $p_{A,3}$, $p_{B,3}$ and $p_{C,3}$, respectively). The elements in $\mathbf{b}$ can be derived from the above four deductions. For example, the first seven equations of $\mathbf{Ax} = \mathbf{b}$ areTable 3**Matrix** $\mathbf{A}$ **of the linear method of hexasomic inheritance at triallelic locus**Genotypic frequencies of gamete$P_{AAA,3}$$P_{AAB,3}$$P_{AAC,3}$$P_{ABB,3}$$P_{ABC,3}$$P_{ACC,3}$$P_{BBB,3}$$P_{BBC,3}$$P_{BCC,3}$$P_{CCC,3}$111*r*$- q$111$2r$$r - q$$- 2q$1111$3r$$2r - q$$r - 2q$$- 3q$111*r*$- p$111$2r$$r - p$$- 2p$1111$3r$$2r - p$$r - 2p$$- 3p$111*q*$- p$111$2q$$q - p$$- 2p$1111$3q$$2q - p$$q - 2p$$- 3p$[^1]$$P_{AAA,3} = P_{AAA,2},\,\text{via\ Deduction}\left( \text{i} \right)$$$$P_{AAB,3} + P_{AAC,3} = P_{AAB,2},\,\text{via~Deduction~}\left( \text{ii} \right)$$$$rP_{AAB,3} - qP_{AAC,3} = 0,\,\text{via~Deduction~}\left( \text{iii} \right)$$$$P_{ABB,3} + P_{ABC,3} + P_{ACC,3} = P_{ABB,2},\text{via~Deduction~}\left( \text{ii} \right)\ $$$$2rP_{ABB,3} + \left( {r - q} \right)P_{ABC,3} - 2qP_{ACC,3} = 0.\,\text{via~Deduction~}\left( \text{iii} \right)$$$$P_{BBB,3} + P_{BBC,3} + P_{BCC,3} + P_{CCC,3} = P_{BBB,2},\,\text{via~Deduction~}\left( \text{ii} \right)$$$$\begin{array}{l}
{3rP_{BBB,3} + \left( {2r - q} \right)P_{BBC,3}} \\
{+ \left( {r - 2q} \right)P_{BCC,3} - 3qP_{CCC,3} = 0.\,\text{via~Deduction~}\left( \text{iii} \right)} \\
\end{array}$$Then the first seven elements in $\mathbf{b}$ are $P_{AAA,2},P_{AAB,2},0,P_{ABB,2},0,P_{BBB,2},0$. For these seven equations, one is derived by Deduction (i), where one is number of unchanged genotypes; three are derived by Deductions (ii) and (iii), respectively, where 3 is the number of changed genotypes. Therefore, with the first three deductions, we are able to establish the core equations. Furthermore, by Deduction (iv) we can write down the remaining equations and the total number of equations is *h* times of the number of core equations.

The numbers of rows and columns of $\mathbf{A}$ are 21 and 10, respectively, which means that there are 21 equations and 10 unknowns (*i.e.*, the whole GFG after mutation, *e.g.*, $P_{AAA,3}$ and $P_{AAB,3}$ and so on.) in this system $\mathbf{Ax} = \mathbf{b}$. There are thus many non-independent equations. The rank of $\mathbf{A}$ can be derived by symbolic calculation, whose value is 10, equal to the number of unknowns. Therefore, our system of linear equations has a unique solution: $\mathbf{x} = \left( {\mathbf{A}^{T}\mathbf{A}} \right)^{- 1}\mathbf{A}^{T}\mathbf{b}$.

The numbers of rows and columns of $\mathbf{A}$ are respectively 39 and 28 for dodecasomic inheritance at a triallelic locus, and the rank of $\mathbf{A}$ is 27 by symbolic calculation. Unfortunately, because there are 28 unknowns, our system $\mathbf{Ax} = \mathbf{b}$ is underdetermined and has an infinite number of solutions.

Using this method, we are able to derive the GFZ and GFG from tetrasomic to decasomic inheritance. For the cases of tetrasomic and hexasomic inheritance, these results are identical to the solutions obtained from the non-linear method. Subsequent expressions become more complex with increasing levels of ploidy, so we only present the results for hexasomic inheritance in Appendix D.

As an alternative, these expressions are placed in a 660 KB C++ source code for a library, and the source code is available in our supplementary material. The phenotypic frequencies can then be calculated by taking the sum of the frequencies of all possible genotypes that yield this phenotype, which are also given in the source code.

Inbreeding coefficient and heterozygosity {#s14}
-----------------------------------------

Double-reduction has a similar effect as inbreeding, both not only resulting in IBD alleles in the zygote but also slightly increasing homozygosity ([@bib17]). Here, we assess the impact of inbreeding and double-reduction on the inbreeding coefficient. The concept of inbreeding is relative to a reference population, which by definition is without inbreeding or relatedness, with all alleles in the reference population defined as not being IBD ([@bib27]).

The *inbreeding coefficient* in polysomic inheritance is defined as the probability of sampling two IBD alleles from a genotype without replacement ([@bib19]). In polyploids, gametes also have multiple alleles at a target locus, and the inbreeding coefficient and heterozygosity can also be applied to gametes to measure the degree of IBD or *identical-by-state* (IBS) allele pairs ([@bib2]).

After fertilization, there are $\begin{pmatrix}
\mathit{v} \\
2 \\
\end{pmatrix}$ pairs of alleles in a zygote, where $\begin{pmatrix}
{\mathit{v}/2} \\
2 \\
\end{pmatrix}$ pairs of alleles are from one gamete, and $\mathit{v}^{2}/4$ pairs of alleles are from different gametes. The numbers of IBD allele pairs in both types of allele pairs are derived as follows.

The number of IBDR allele pairs in the $\begin{pmatrix}
{\mathit{v}/2} \\
2 \\
\end{pmatrix}$ allele pairs from the same gamete is the expected value $\mathit{\lambda}$ of allele pairs, where $\mathit{\lambda} = {\sum^{}}_{i = 0}^{\lfloor{\mathit{v}/4}\rfloor}i\mathit{\alpha}_{i}$. In the remaining allele pairs, the number of IBD allele pairs inherited from the parent is a proportion *F* of those remaining, where *F* is the inbreeding coefficient in zygotes of the previous generation. Therefore, there are $\mathit{\lambda} + F\left\lbrack {\begin{pmatrix}
{\mathit{v}/2} \\
2 \\
\end{pmatrix} - \mathit{\lambda}} \right\rbrack$ pairs of IBD alleles in each gamete. Hence the inbreeding coefficient in the gamete is:$$f = \frac{\mathit{\lambda} + F\left\lbrack {\begin{pmatrix}
{\mathit{v}/2} \\
2 \\
\end{pmatrix} - \mathit{\lambda}} \right\rbrack}{\begin{pmatrix}
{\mathit{v}/2} \\
2 \\
\end{pmatrix}}.$$For the $\mathit{v}^{2}/4$ allele pairs from two different fertilizing gametes, the mating individuals in the presence of inbreeding may also share IBD alleles. The co-ancestry coefficient is used to measure the degree of kinship in mating individuals, where the *co-ancestry coefficient*, denoted by *θ*, is defined as the probability that two alleles, one randomly sampled from each individual, are IBD ([@bib21]). Then there is a value ${\theta\mathit{v}^{2}}/4$ expected IBD allele pairs between fertilizing gametes.

From the above derivation, the number of pairs of IBD alleles in the zygote is in total $2\mathit{\lambda} + 2F{{\left\lbrack {\begin{pmatrix}
{\mathit{v}/2} \\
2 \\
\end{pmatrix} - \mathit{\lambda}} \right\rbrack + \theta\mathit{v}^{2}}/4}$. Therefore, the inbreeding coefficient for zygotes of the current generation $F\prime$ is as follows:$$F\prime = \frac{2\mathit{\lambda} + 2F\left\lbrack {\begin{pmatrix}
{\mathit{v}/2} \\
2 \\
\end{pmatrix} - \mathit{\lambda}} \right\rbrack + {{\theta\mathit{v}^{2}}/4}}{\begin{pmatrix}
\mathit{v} \\
2 \\
\end{pmatrix}}.$$The formula is the transition function of inbreeding coefficients. If the genotypic frequencies reach equilibrium, these inbreeding coefficients will be constant across generations. By replacing $F\prime$ with *F* in the transition function, the inbreeding coefficient *F* at equilibrium can be solved, whose expression is as follows:$$F = \frac{8\mathit{\lambda} + \theta\mathit{v}^{2}}{8\mathit{\lambda} + \mathit{v}^{2}}.$$For an outcrossed population, $\theta = 0$. Then, by substituting [Equation (11)](#eq11){ref-type="disp-formula"} for [Equation (10)](#eq10){ref-type="disp-formula"}, the inbreeding coefficients *F* and *f* can be obtained, whose values at equilibrium for different double-reduction models are shown in the rightmost two columns of [Table 2](#t2){ref-type="table"}.

If the relationships between mating individuals can be classified into several types (*e.g.*, self: selfing, parent-offspring: backcross), then the co-ancestry coefficient *θ* can be derived by a weighted average of the co-ancestry coefficients of those types of relationships. An example to derive the expressions of these co-ancestry coefficients as well as the inbreeding coefficient *F* is given in Appendix E.

Following the modification of the definition of inbreeding coefficients, the *heterozygosity* in polysomic inheritance is defined as the probability of sampling two non-IBS alleles from a genotype without replacement ([@bib17]). For the two alleles sampled, if they are IBD, then these alleles cannot be IBS; otherwise they are independent and are non-IBS alleles at a probability of $1 - {\sum_{i}^{h}p_{i}}$. Let *H* be the heterozygosity of zygotes and *h* be that of gametes, then:$$H = \left( {1 - F} \right)\left( {1 - {\sum_{i}^{h}p_{i}}} \right),$$$$h = \left( {1 - f} \right)\left( {1 - {\sum_{i}^{h}p_{i}}} \right).$$Where *F* is the inbreeding coefficient of zygotes and *f* is that of gametes. These expressions are identical to [@bib34] estimator of inbreeding coefficients, *i.e.*, $F_{IS} = \frac{H_{S} - H_{I}}{H_{S}}$, where $H_{I}$ and $H_{S}$ are the observed and expected heterozygosities, respectively.

Simulation {#s15}
----------

The numerical solutions of genotypic and phenotypic frequencies of gametes and zygotes calculated by computer simulations will be used to compare with the analytical solutions so as to validate our models.

A population is generated with its initial genotypic frequency drawn from the HWE. Because we do not store the specific genotype for each individual, but only the frequency of each genotype, the population size can be considered as infinite. To display all kinds of genotype patterns, the number of alleles *h* should be greater than or equal to the ploidy level. For example, the complete heterozygote in tetrasomic inheritance $ABCD$ cannot be observed at a triallelic locus. For simplicity, suppose that the allele frequencies are uniformly distributed, *i.e.*, the frequency of any allele is equal to $1/h$, so that the frequencies of genotypes or phenotypes with a same pattern are equal (*e.g.*, $P_{AAAB} = P_{BBBC}$).

The double-reduction models are simulated to calculate the gamete frequencies. First, for PRCS, the alleles in the zygotes are duplicated and then randomly segregate into four gametes. Second, for CES, the chromosomes are randomly paired and the alleles are exchanged between pairing chromosomes, and then the chromosomes randomly segregate into two secondary oocytes, finally the alleles within the same chromosomes randomly segregate into two gametes. Third, for PES, the chromosomes are randomly paired and the alleles are exchanged between paired chromosomes at a probability of $r_{s}$, and the remaining steps are the same as CES.

For a zygote, there are many possible ways to generate gametes. We enumerate each possibility and calculate the weighted average of gamete frequencies according to the probability of each possibility. The frequencies of identical gametes produced from different zygotes are weighed again by the zygote frequencies so as to obtain the gamete frequencies in the population.

The gametes are randomly merged to simulate fertilization, then the zygote frequency in the next generation can be calculated. The population is reproduced for 100 generations to converge the genotypic frequencies. The simulation program can be found in the electronic supplementary materials.

There are many potential genotypes and phenotypes in a population, and it is thus impractical to show all of these frequencies in the manuscript. As an alternative, the phenotypic frequencies of zygote patterns are shown in [Table 4](#t4){ref-type="table"}, and the genotypic frequencies of gamete patterns are shown in [Table 5](#t5){ref-type="table"}. As a comparison, the corresponding analytical solutions of model predictions are also shown. It is clear from the data shown in [Tables 4](#t4){ref-type="table"} and [5](#t5){ref-type="table"} that both of numerical and analytical solutions of phenotypic frequencies of zygotes are approximately equal and their differences are due to the rounding-off error, as are the genotypic frequencies of gametes obtained via different approaches.

###### The numerical and analytical solutions of phenotypic frequencies obtained by numerical simulation and model predication. The number of alleles at this locus is equal to the ploidy level and their frequencies are uniformly distributed.

  Ploidy         Phenotype                  PRCS                                              CES                                            PES ($r_{s} = 0.5$)                                                                                                                                                                                       
  -------------- -------------------------- ------------------------------------------------- ---------------------------------------------- ---------------------------------------------------------------- -------------------------------------------------------------- ------------------------------------------------------------------------- ------------------------------------------------------------------------
  4              *A*                        $1.0000 \times 10^{- 2}$                          $\frac{1}{100}$                                $1.1187 \times 10^{- 2}$                                         $\frac{121}{10816}$                                            $7.2250 \times 10^{- 3}$                                                  $\frac{289}{40000}$
  $AB$           $7.0000 \times 10^{- 2}$   $\frac{7}{100}$                                   $7.2300 \times 10^{- 2}$                       $\frac{391}{5408}$                                               $6.3950 \times 10^{- 2}$                                       $\frac{1279}{20000}$                                                      
  $ABC$          $1.2000 \times 10^{- 1}$   $\frac{3}{25}$                                    $1.1649 \times 10^{- 1}$                       $\frac{315}{2704}$                                               $1.2870 \times 10^{- 1}$                                       $\frac{1287}{10000}$                                                      
  $ABCD$         $6.0000 \times 10^{- 2}$   $\frac{3}{50}$                                    $5.5473 \times 10^{- 2}$                       $\frac{75}{1352}$                                                $7.2600 \times 10^{- 2}$                                       $\frac{363}{5000}$                                                        
  6              *A*                        $2.5942 \times 10^{- 4}$                          $\frac{529}{2039184}$                          $3.0092 \times 10^{- 4}$                                         $\frac{170569}{566820864}$                                     $1.1491 \times 10^{- 4}$                                                  $\frac{946729}{8238829824}$
  $AB$           $4.3851 \times 10^{- 3}$   $\frac{263}{59976}$                               $4.7641 \times 10^{- 3}$                       $\frac{1350199}{283410432}$                                      $2.8338 \times 10^{- 3}$                                       $\frac{11673559}{4119414912}$                                             
  $ABC$          $1.7954 \times 10^{- 2}$   $\frac{1017}{56644}$                              $1.8512 \times 10^{- 2}$                       $\frac{291465}{15745024}$                                        $1.5254 \times 10^{- 2}$                                       $\frac{3490965}{228856384}$                                               
  $ABCD$         $2.9388 \times 10^{- 2}$   $\frac{2497}{84966}$                              $2.8841 \times 10^{- 2}$                       $\frac{227055}{7872512}$                                         $3.1578 \times 10^{- 2}$                                       $\frac{10840165}{343284576}$                                              
  $ABCDE$        $2.1185 \times 10^{- 2}$   $\frac{300}{14161}$                               $1.9806 \times 10^{- 2}$                       $\frac{155925}{7872512}$                                         $2.8157 \times 10^{- 2}$                                       $\frac{3221925}{114428192}$                                               
  $ABCDEF$       $5.6493 \times 10^{- 3}$   $\frac{80}{14161}$                                $5.0416 \times 10^{- 3}$                       $\frac{19845}{3936256}$                                          $9.1174 \times 10^{- 3}$                                       $\frac{521645}{57214096}$                                                 
  8              *A*                        $5.5456 \times 10^{- 6}$                          $\frac{22080601}{3981653086464}$               $6.8974 \times 10^{- 6}$                                         $\frac{26721526456643209}{3874157515531827429376}$             $1.3534 \times 10^{- 6}$                                                  $\frac{513818028358086169}{379641343023698421760000}$
  $AB$           $1.8796 \times 10^{- 4}$   $\frac{374186951}{1990826543232}$                 $2.1435 \times 10^{- 4}$                       $\frac{415212550274159479}{1937078757765913714688}$              $7.7138 \times 10^{- 5}$                                       $\frac{14642346312283931623}{189820671511849210880000}$                   
  $ABC$          $1.4242 \times 10^{- 3}$   $\frac{472567345}{331804423872}$                  $1.5336 \times 10^{- 3}$                       $\frac{1485358696293839325}{968539378882956857344}$              $8.3918 \times 10^{- 4}$                                       $\frac{15929370706287141369}{18982067151184921088000}$                    
  $ABCD$         $4.4981 \times 10^{- 3}$   $\frac{746239705}{165902211936}$                  $4.6241 \times 10^{- 3}$                       $\frac{2239313787637878735}{484269689441478428672}$              $3.5890 \times 10^{- 3}$                                       $\frac{170318790423175116639}{47455167877962302720000}$                   
  $ABCDE$        $7.2113 \times 10^{- 3}$   $\frac{24924425}{3456296082}$                     $7.1175 \times 10^{- 3}$                       $\frac{1723404622820127975}{242134844720739214336}$              $7.5713 \times 10^{- 3}$                                       $\frac{35929647497090903787}{4745516787796230272000}$                     
  $ABCDEF$       $6.2074 \times 10^{- 3}$   $\frac{21454685}{3456296082}$                     $5.9010 \times 10^{- 3}$                       $\frac{714423257542346625}{121067422360369607168}$               $8.4392 \times 10^{- 3}$                                       $\frac{20024123292350185869}{2372758393898115136000}$                     
  $ABCDEFG$      $2.7424 \times 10^{- 3}$   $\frac{4739350}{1728148041}$                      $2.5160 \times 10^{- 3}$                       $\frac{152301293450597655}{60533711180184803584}$                $4.7785 \times 10^{- 3}$                                       $\frac{5669155982536123203}{1186379196949057568000}$                      
  $ABCDEFGH$     $4.9012 \times 10^{- 4}$   $\frac{847000}{1728148041}$                       $4.3461 \times 10^{- 4}$                       $\frac{13154128174265715}{30266855590092401792}$                 $1.0850 \times 10^{- 3}$                                       $\frac{643610634336619047}{593189598474528784000}$                        
  10             *A*                        $9.9572 \times 10^{- 8}$                          $\frac{7326100382329}{73576084874953697344}$   $1.2994 \times 10^{- 7}$                                         $\frac{808155517513273335961}{6219570121122185498176000000}$   $1.2618 \times 10^{- 8}$                                                  $\frac{10081891228090205115669169}{799016030571901537416134656000000}$
  $AB$           $6.3347 \times 10^{- 6}$   $\frac{233040042702503}{36788042437476848672}$    $7.5433 \times 10^{- 6}$                       $\frac{23458061986505302484839}{3109785060561092749088000000}$   $1.5416 \times 10^{- 6}$                                       $\frac{615886741958921016269579599}{399508015285950768708067328000000}$   
  $ABC$          $7.9681 \times 10^{- 5}$   $\frac{1465661246332755}{18394021218738424336}$   $8.9303 \times 10^{- 5}$                       $\frac{6037248381678195305949}{67604023055675929328000000}$      $3.0191 \times 10^{- 5}$                                       $\frac{1206138387701906422906800987}{39950801528595076870806732800000}$   
  $ABCD$         $4.1178 \times 10^{- 4}$   $\frac{3787147325458083}{9197010609369212168}$    $4.3996 \times 10^{- 4}$                       $\frac{342044465930731463767779}{777446265140273187272000000}$   $2.2427 \times 10^{- 4}$                                       $\frac{4479977040433385963642991879}{19975400764297538435403366400000}$   
  $ABCDE$        $1.1179 \times 10^{- 3}$   $\frac{1468815773342031}{1313858658481316024}$    $1.1472 \times 10^{- 3}$                       $\frac{35676931576351889197899}{31097850605610927490880000}$     $8.4066 \times 10^{- 4}$                                       $\frac{3358496554201294502643917523}{3995080152859507687080673280000}$    
  $ABCDEF$       $1.7699 \times 10^{- 3}$   $\frac{8139082281274269}{4598505304684606084}$    $1.7538 \times 10^{- 3}$                       $\frac{218154254518233546723}{124391402422443709963520}$         $1.7961 \times 10^{- 3}$                                       $\frac{17938918142575401157276394691}{9987700382148769217701683200000}$   
  $ABCDEFG$      $1.6960 \times 10^{- 3}$   $\frac{278530669781856}{164232332310164503}$      $1.6293 \times 10^{- 3}$                       $\frac{15833877432861506758929}{9718078314253414840900000}$      $2.2915 \times 10^{- 3}$                                       $\frac{572158851345553195173888963}{249692509553719230442542080000}$      
  $ABCDEFGH$     $9.7024 \times 10^{- 4}$   $\frac{159344032900608}{164232332310164503}$      $9.0693 \times 10^{- 4}$                       $\frac{4406813802571081042197}{4859039157126707420450000}$       $1.7315 \times 10^{- 3}$                                       $\frac{216176766301436669473073049}{124846254776859615221271040000}$      
  $ABCDEFGHI$    $3.0538 \times 10^{- 4}$   $\frac{50152847376384}{164232332310164503}$       $2.7859 \times 10^{- 4}$                       $\frac{541477451263764771567}{1943615662850682968180000}$        $7.1637 \times 10^{- 4}$                                       $\frac{7154928455525062756496127}{9987700382148769217701683200}$          
  $ABCDEFGHIJ$   $4.0763 \times 10^{- 5}$   $\frac{6694597361664}{164232332310164503}$        $3.6389 \times 10^{- 5}$                       $\frac{35363263903568271783}{971807831425341484090000}$          $1.2523 \times 10^{- 4}$                                       $\frac{625369832185723608310047}{4993850191074384608850841600}$           

###### The numerical and analytical solutions of gamete frequencies obtained by numerical simulation and model predication. The number of alleles at this locus is equal to the ploidy level and their frequencies are uniformly distributed.

  Ploidy    Gamete                     PRCS                           CES                            PES ($r_{s} = 0.5$)                                                                                                       
  --------- -------------------------- ------------------------------ ------------------------------ -------------------------------------- -------------------------------------- ------------------------------------------- -------------------------------------------
  4         $AA$                       $1.0000 \times 10^{- 1}$       $\frac{1}{10}$                 $1.0577 \times 10^{- 1}$               $\frac{11}{104}$                       $8.5000 \times 10^{- 2}$                    $\frac{17}{200}$
  $AB$      $1.0000 \times 10^{- 1}$   $\frac{1}{10}$                 $9.6154 \times 10^{- 2}$       $\frac{5}{52}$                         $1.1000 \times 10^{- 1}$               $\frac{11}{100}$                            
  6         $AAA$                      $1.6106 \times 10^{- 2}$       $\frac{23}{1428}$              $1.7347 \times 10^{- 2}$               $\frac{413}{23808}$                    $1.0720 \times 10^{- 2}$                    $\frac{973}{90768}$
  $AAB$     $1.8908 \times 10^{- 2}$   $\frac{9}{476}$                $1.9279 \times 10^{- 2}$       $\frac{153}{7936}$                     $1.6955 \times 10^{- 2}$               $\frac{513}{30256}$                         
  $ABC$     $1.6807 \times 10^{- 2}$   $\frac{2}{119}$                $1.5877 \times 10^{- 2}$       $\frac{63}{3968}$                      $2.1351 \times 10^{- 2}$               $\frac{323}{15128}$                         
  8         $AAAA$                     $2.3549 \times 10^{- 3}$       $\frac{4699}{1995408}$         $2.6263 \times 10^{- 3}$               $\frac{163467203}{62242730624}$        $1.1634 \times 10^{- 3}$                    $\frac{716811013}{616150422400}$
  $AAAB$    $2.8786 \times 10^{- 3}$   $\frac{359}{124713}$           $2.9714 \times 10^{- 3}$       $\frac{46236677}{15560682656}$         $2.0281 \times 10^{- 3}$               $\frac{312402211}{154037605600}$            
  $AABB$    $3.6414 \times 10^{- 3}$   $\frac{1211}{332568}$          $3.9091 \times 10^{- 3}$       $\frac{121657401}{31121365312}$        $2.5527 \times 10^{- 3}$               $\frac{786411807}{308075211200}$            
  $AABC$    $3.1713 \times 10^{- 3}$   $\frac{791}{249426}$           $3.1471 \times 10^{- 3}$       $\frac{48971403}{15560682656}$         $3.1551 \times 10^{- 3}$               $\frac{97200513}{30807521120}$              
  $ABCD$    $2.6461 \times 10^{- 3}$   $\frac{110}{41571}$            $2.4917 \times 10^{- 3}$       $\frac{19386393}{7780341328}$          $3.9370 \times 10^{- 3}$               $\frac{303223311}{77018802800}$             
  10        $AAAAA$                    $3.1555 \times 10^{- 4}$       $\frac{2706677}{8577650312}$   $3.6047 \times 10^{- 4}$               $\frac{28428076219}{78864251224000}$   $1.1233 \times 10^{- 4}$                    $\frac{3175199399737}{28266871609216000}$
  $AAAAB$   $4.0811 \times 10^{- 4}$   $\frac{71441}{175054088}$      $4.3549 \times 10^{- 4}$       $\frac{6868978459}{15772850244800}$    $2.1295 \times 10^{- 4}$               $\frac{1203913445713}{5653374321843200}$    
  $AAABB$   $5.5441 \times 10^{- 4}$   $\frac{2377759}{4288825156}$   $6.0075 \times 10^{- 4}$       $\frac{23688711503}{39432125612000}$   $3.0058 \times 10^{- 4}$               $\frac{4248298069913}{14133435804608000}$   
  $AAABC$   $4.7366 \times 10^{- 4}$   $\frac{72551}{153172327}$      $4.7477 \times 10^{- 4}$       $\frac{9360681119}{19716062806000}$    $3.6809 \times 10^{- 4}$               $\frac{2601170012999}{7066717902304000}$    
  $AABBC$   $6.0212 \times 10^{- 4}$   $\frac{2582389}{4288825156}$   $6.2503 \times 10^{- 4}$       $\frac{24646078029}{39432125612000}$   $4.6039 \times 10^{- 4}$               $\frac{6506930361039}{14133435804608000}$   
  $AABCD$   $5.0189 \times 10^{- 4}$   $\frac{538128}{1072206289}$    $4.8982 \times 10^{- 4}$       $\frac{1931448081}{3943212561200}$     $5.6757 \times 10^{- 4}$               $\frac{160435060233}{282668716092160}$      
  $ABCDE$   $4.0219 \times 10^{- 4}$   $\frac{431232}{1072206289}$    $3.8000 \times 10^{- 4}$       $\frac{749214021}{1971606280600}$      $7.0494 \times 10^{- 4}$               $\frac{99631848687}{141334358046080}$       

Data Availability {#s16}
=================

Material S1 {#s17}
-----------

The appendices.

Material S2 {#s18}
-----------

The simulation computer program to obtain the numerical solutions of genotypic and phenotypic frequencies of zygotes and the genotypic frequencies of gametes. The program can be run on Windows platforms and requires the .Net Framework V3.5 runtime library.

Material S3 {#s19}
-----------

The C++ source code of the genotypic and phenotypic frequencies of polysomic inheritance under double-reduction. The prefix of functions is GFZ (genotypic frequencies of zygotes), GFG (genotypic frequencies of gametes), PFZ (phenotypic frequencies of zygotes), or PFG (phenotypic frequencies of gametes). An example that is the function in the second case (*i.e.*, $G = AAAB$) in Equation (A4) is given by

`double GFZ4_iiij(double a1, double pi, double pj)`

`{`

`double pi2 = pi*pi;`

`return (8*(-1+a1)*pi2*(-3*a1+2*(-1+a1)*pi)*pj)/pow(2+a1,2);`

`}`

The authors state that all data necessary for confirming the conclusions presented in the article are represented fully within the article. Supplemental material available at Figshare: <https://doi.org/10.25387/g3.7883150>.

Discussion {#s20}
==========

Double-reduction models {#s21}
-----------------------

Here, we describe existing double-reductions models and extend them to the systems that account for any even level of ploidy. However, some of these models assume ideal situations that are unrealistic in nature. The CES model assumes that the single chromatid recombination rate $r_{s}$ is one at any locus, but the maximum value of $r_{s}$ is 50% if the locus is located extremely far from the centromere. We incorporate the single chromatid recombination rate into CES, and define this as the partial equational segregation (PES).

Although PES probably reflects more closely to natural patterns of occurrence and may thus more accurately explain real genotypic frequencies, other models (RCS, PRCS and CES) are still useful. Researchers are able to apply them to calculate the genotypic frequencies in their applications without estimating alpha. In contrast, the PES needs an additional parameter $r_{s}$ to calculate the genotypic frequencies, and thus has one more degree of freedom if $r_{s}$ is estimated from the same data. Although PES may perform better in calculating the likelihood from genotypic/phenotypic data, it is also penalized more via the AIC (Akaike information criterion, [@bib1]) or the BIC (Bayesian information criterion, [@bib44]).

In addition, all of these models (RCS, PRCS, CES and PES) assume that the chromosomes must form multivalents during prophase I. However, meiosis of polyploids can be much more complex. Some allopolyploid species display a mode of inheritance intermediate between disomic and polysomic at some loci (segmental allopolyploids, [@bib48]), and some autopolyploid species also form bivalent, univalent and other types of valent during meiosis ([@bib40]; [@bib25]). The formation of different types of valent may influence the sterility of the gametes or seeds ([@bib49]; [@bib8]; [@bib46]). Such a model can hardly be established if we consider so many factors, *e.g.*, fertility, proportion and double-reduction ratio for each kind of valent.

Regardless of how complex the nature of meiosis, different models will yield the same result: the IBDR alleles are in the fertile gamete. Therefore, all of these models can be incorporated into a generalized framework, *i.e.*, using the values of alpha to express a model. Meanwhile, comparing with RCS, PRCS and CES models, the number of degrees of freedom of such a model increases only by $\left\lfloor {\mathit{v}/4} \right\rfloor$.

Genotypic frequencies, inbreeding coefficient and heterozygosity {#s22}
----------------------------------------------------------------

Two methods are proposed to solve the genotypic equilibrium under double-reduction at a locus with an arbitrary number of alleles. The first method is the non-linear method, which can theoretically be applied to any even level of ploidy. However, it becomes computationally difficult for organisms with high levels of ploidy because these organisms have too many potential genotypes (*e.g.*, there are 19494 non-linear equations in dodecasomic inheritance). Although the system of non-linear equations for a higher level of ploidy is computationally difficult and we can currently only solve the genotypic frequencies for hexasomic inheritance, it will be possible with more powerful computers and more advanced algorithms.

The second method is the linear method, which requires more steps but less computational power. This uses the solution obtained by the non-linear method at a biallelic locus as the initial solution, and at each step it is assumed that one novel allele mutates from an existing allele. Some novel genotypes will be separated from existing genotypes, while the genotypic frequencies will still concur with the equilibrium. Using the four deductions, the equations of the genotypic frequencies of gametes are initially established by the total probability formula, and then the equations of the genotypic frequencies of zygotes are established by the multiplication theorem of probability. Unfortunately, the constraints are insufficient to obtain a unique solution for ploidy levels greater than or equal to 12. Although this is not perfect, our method is more than adequate to answer most current research questions on this subject.

Double-reduction results in gametes carrying IBD alleles and slightly increased homozygosity ([@bib17]). It has similar effects as inbreeding, and can cause a deviation in genotypic frequencies from the Hardy-Weinberg equilibrium ([@bib26]). By modifying the definition of the inbreeding coefficient and heterozygosity in polysomic inheritance, the symbolic expressions measuring how double-reduction and inbreeding influence the inbreeding coefficient and heterozygosity are derived. We found that double-reduction can cause a maximum inbreeding coefficient being 0.0769 (in CES) under tetrasomic inheritance in an outcrossed population. For the same double-reduction model, the double-reduction ratio is increased while the inbreeding coefficient is reduced with increasing levels of ploidy ([Table 2](#t2){ref-type="table"}).

In the presence of double-reduction and/or inbreeding, the theoretical observed heterozygosity can be calculated from the inbreeding coefficient, and is identical to [@bib34] estimator of the inbreeding coefficient. This means that the inbreeding coefficient in polysomic inheritance can still be estimated by previous estimators, the same as for other *F*-statistics, although some modifications should be made to account for the finite sample size (*e.g.*, [@bib42]; [@bib50]).

Applications of zygote frequencies {#s23}
----------------------------------

Genotypic frequencies can be used for many applications, such as for population genetics, molecular ecology, molecular breeding, and so on. Some of the applications of zygote frequencies are listed as follows.

i.  Estimating the allele frequency from phenotypes: the probability that observing a genotype conditional on a phenotype can be derived from the GFZ and Bayes formula. By counting the number of copies of each allele in each possible genotype and using the conditional probability as a weight, the allele frequencies can be updated from an initial solution with an Expectation Maximization algorithm (*e.g.*, [@bib11]; [@bib22]).

ii. Based on the allele frequency, many subsequent analyses can be performed. For example, genetic diversity analysis (*e.g.*, [@bib43]), genetic distance analysis (*e.g.*, [@bib33]), population differentiation analysis (*e.g.*, [@bib6]), analysis of molecular variances ([@bib12]), principal coordination analysis (*e.g.*, [@bib38]), and hierarchy clustering (*e.g.*, [@bib35]).

iii. Population assignment and Bayesian clustering: by calculating the product of multilocus genotypic frequencies, the probability of randomly sampling an individual with certain multilocus genotypes from a population can be obtained (*i.e.*, likelihood). The individual is assigned to the population with maximum likelihood (*e.g.*, [@bib38]). In the non-admixture model of Bayesian clustering, the population origin of each individual is randomly drawn from the populations according to the posterior probability that the individual originated from each population, and is updated iteratively in a Markov Chain Monte Carlo (MCMC) algorithm ([@bib39]). The posterior probability is calculated from the multilocus genotypic frequencies of the individual from each population by the Bayes formula ([@bib39]).

iv. Equilibrium test: as a Hardy-Weinberg equilibrium test, this test is able to evaluate whether the distribution of genotypes/phenotypes concurs with the equilibrium state for a particular double-reduction model. The observed number of each genotype/phenotype can be obtained by counts from the data, and the expected number can be obtained by the GFZ or PFZ. A Chi-square goodness-of-fit test or a Fisher's *G* test can be used for this application (*e.g.*, [@bib43]).

v.  Linkage disequilibrium test: the contingency table of a pair of loci is established, with each row denoting a genotype of the first locus with each column denoting that of the second locus. The expected number in each cell under the hypothesis that the two loci are under linkage equilibrium is the product of the GFZ at these two loci (*e.g.*, [@bib43]).

vi. Estimating individual inbreeding coefficient, relatedness coefficient or kinship coefficient from phenotypes: method-of-moment estimators (*e.g.*, [@bib18]; [@bib20]) or the maximum-likelihood estimator (*e.g.*, [@bib19]) can be used to estimate each of these coefficients between possible genotypes, with the estimates being weighted according to the conditional probability in application (i) above.

Applications of gamete frequencies {#s24}
----------------------------------

There are also some potential applications of the transitional probability from zygotes to gametes and the gamete frequencies, in additional to solve the values of alpha for PRCS ([Equation (3)](#eq3){ref-type="disp-formula"}) and to derive the genotypic frequencies at equilibrium ([Equation (8)](#eq8){ref-type="disp-formula"}).

i.  Parentage analysis: the transitional probability that a parent or a pair of parents produce an offspring is used in the calculation of likelihoods of the following two hypotheses: (a) the alleged father is the true father of the offspring and (b) the alleged father is unrelated to the offspring and is randomly sampled from the population ([@bib29]; [@bib23]). This transitional probability is a summation of the products of two gamete frequencies that form the offspring's genotype, where the frequency is equal to $\text{Pr}\left( \mathit{g}\, \middle| \, G_{a} \right)\text{Pr}\left( G_{o}\,\smallsetminus\,\mathit{g}\, \middle| \, G_{m} \right)$ if the mother's genotype is known, or equal to $\text{Pr}\left( \mathit{g}\, \middle| \, G_{a} \right)\text{Pr}\left( {G_{o}\,\smallsetminus\,\mathit{g}} \right)$ if the mother's genotype is unknown, in which $G_{o}$, $G_{a}$ and $G_{m}$ denote the genotypes of the offspring, alleged father and true mother, respectively.

ii. Deriving the segregation ratio in mapping populations, or deriving the genotypic frequencies for populations which are not at equilibrium: we use an F${}_{2}$ population in tetrasomic inheritance as an example. Assuming the genotypes of F${}_{1}$ individuals are $AABB$, using [Equation (1)](#eq1){ref-type="disp-formula"}, the gamete ratio is $AA:AB:BB = 1 + 2\mathit{\alpha}_{1}:4 - 4\mathit{\alpha}_{1}:1 + 2\mathit{\alpha}_{1}$. From the multiplication theorem, the segregation ratio of the F${}_{2}$ population is $AAAA:AAAB:AABB:ABBB:BBBB = \left( {1 + 2\mathit{\alpha}_{1}} \right)^{2}:8\left( {1 + \mathit{\alpha}_{1} - 2\mathit{\alpha}_{1}^{2}} \right):6\left( {3 - 4\mathit{\alpha}_{1} + 4\mathit{\alpha}_{1}^{2}} \right):8\left( {1 + \mathit{\alpha}_{1} - 2\mathit{\alpha}_{1}^{2}} \right):\left( {1 + 2\mathit{\alpha}_{1}} \right)^{2}$

iii. Estimating the values of alpha from mapping populations: by equating the observed segregation ratio with the expected value, a system of non-linear equations can be established. The values of alpha can be solved by the least-squares method.

iv. Perform an equilibrium test or a linkage disequilibrium test: the deviation of the observed gamete frequencies from expected can be measured by either a $\mathit{\chi}^{2}$ or a *G* statistic by using either a Chi-square test or a Fisher's *G*-test, respectively. With the cumulative distribution function of a Chi-squared distribution, the significance can be calculated.
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[^1]: Where *p*, *q* and *r* denote the frequencies of alleles *A*, *B* and *C* at a triallelic locus, respectively. The blank elements are zero.
